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Lecture 4

Describing data;
normal distribution;
measures of variance
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Let’s talk about ... data

.*-‘-.
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D: 001 L
Name: Elvis P. e ?
Age: 2 years

(Date of birth...?)

Sex: male
Height: 85,1 cm

Weight: 12,3 kg
Where does the data

come from?




Data processing...

®

Example questionnaire D ___
Name(s) family name

Date of interview: _/__/____

Date of birth: _/__/____

Sex: 0 male o0 female
Did you ever smoke? O yes O no
if yes: do you smoke currently? O yes 0 no
if yes: cigs./day _ __ duration _ _ (years)
if no: quitting smoking? (years) _

Did you ever drink alcohol? 0 yes o no

Data are observations on individuals
any aspect of the observation is called a variable
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H Data set = table = data sheet =...
ID 001
Name(s) __Johanna__ family name ___Lennon__
Date of interview: 14/07 /2008
Date of ID 002
Sex: x Name(s) __Paula__ family name __McCartney__
Did you ([IDate of interview: 16/07 /2008
Date ID 003
SD?;(: Name(s) __Ringo__ family name __Stark__
| Date of interview: 16/07 /2008
ID | Name | Fam.name | date of birth | Sex | date of int | EverSmo | CurrSmo | CigsDay
001 | John | Lenon 1980/12/31 | 1 2008/07/14 | 1 1 20
002 | Paul | McCartney | 1984/04/13 | 2 2008/07/16 | O .
003 | Ringo | Star 1982/10/23 | 1 2008/07/17 | 1 0
1 observation = 1 record = 1 row in a data set = ...
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Defining the data / types of variables

-

Qualitative variables — nominal
(= categorical)
. ) ordinal
(special case: binary)
Quantitative variables = ——— discrete
(= numerical)
L—— continuous

Qualitative variables

o

A variable is called

* qualitative, when the values represent non overlapping
(distinct) categories, without any numeric order

* qualitative ordinal, given a natural order between the values.

Table 2.2 Categorical {qualitative) variables recorded in the study of sutzame after
diagnosis of tuberculosis.

Vanable Categories Type of variable
Hospital 1,:2,3 Categorical
SEx Male, female Binary

Smear result
Culture result
Alive at & months?

MNegative, uncertain, positive
Negative, positive
No, ves

Ordered categorical
Binary
Binary
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u Variables based on threshold values

Table 2.3 Examples of derived varianles hased on
threshold velues,

Derived variable Original variable
LEW (Low birthweight): Birthweight:
Yes < 25000
Mo > 2500
Vitamin A status: Serum ratinol lavel;
Severe deficiency < 0.35 wmal /|
Mild/maderate deficiency 0.35-0.6% pmel/|
Nermal > 0.70 pmol /1
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e Quantitative variables

A guantitative variable measures/counts a quantifiable characteristic,
such as height, weight or the number of children you have.

* The quantitative variable value represents a quantity / count / measurement
and has numerical meaning (i.e. you can add, subtract, multiply, or divide the
values of a quantitative variable, and the results make sense as numbers.)

(This characteristic isn’t true of qualitative variables, which can take on
numerical values only as placeholders.)

Types of quantitative variables:

* Avariable like height or weight which might involve any possible value between
two other values, is called continuous,

* the others, like number of children, are called discrete.




9 Characteristics of empirical distributions

Which do you know?

H Summarizing numerical data: tables

e Start with raw data

e |dentify minimum and maximum

* Form groups(5-20, according to size of dataset)
e Count events in the group
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Summarizing numerical data: histogram

* horizontal axis: level of variable (cm, g, g/100ml)

» vertical axis (frequency per group)

* Area of the bar represents frequency
» if group sizes are equal: length can be taken as measure
» If group sizes are unequal (attention!): bar length=

frequency/ bar width
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e Summarizing numerical data: histogram
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u Summarizing numerical data: frequency polygon
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g .| / “-n. In case the dataset is big and the size of
E / b bars is small for continuous variables, the
o / " form of the histogram is similar to the

o \ density function of continuous variables.
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b Summarizing numerical data: measures of location

“Where does the sample lie?”

Arithmetic mean: “Average”

Example: ages of students

21, 18,19, 22, 22, 23, 22, 20, 19, 24
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v Summarizing numerical data: measures of location

Median: “Middle observation” divides the sample into halves
>50% of values <Median
>50% of values 2Median

1. order the observations
2. take the middle observation
odd number of events: one middle observation
even number of events: average two 'middle' values
Median is outlier-robust

Examplel: 21, 18,19, 22, 22, 23, 22, 20, 19, 24
ordered observations: 18, 19, 19, 20, 21, 22, 22, 22, 23, 24
median:

Example2: 21,18, 19, 22, 22, 23, 22, 20, 19, 24, 25
ordered observations: 18, 19, 19, 20, 21, 22, 22, 22, 23, 24, 25
median:
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w Summarizing numerical data: measures of location

* Mode: the value which occurs most often

(not often used in publications)

* Range: report minimum and maximum
How much does the sample spread around the measure of location?

(often used in publications)

Example: 21,18, 19, 22, 22, 23, 22, 20, 19, 24
Mode: 22
Range: 18-24
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v Summarizing numerical data: quartiles

e divide your sample into 4 equally sized groups
> Lower quartile = 1t quartile = Q, = 25" percentile
> 2nd quartile = 50" percentile = Q, = Median

> Upper quartile = 3" quartile = Q; = 75 percentile

> Interquartile-range = 3" quartile -1t quartile

> Quartiles are outlier-robust




Summarizing numerical data: quartiles

Tahls 3.3 Cumulstive percentages for different raiwes of hazimoglubin levels of 70 women.
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H Summarizing numerical data: measures of location
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H Summarizing numerical data: boxplot

Box-and Whiskers-Plot

o <= OQutlier

<« Various definitions for whiskers
(normally 5% and 95% percentile)

< 3.quartile

f

mean
median

f

< 1.quartile
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b Summarizing numerical data: boxplot
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Summarizing numerical data: dot plot
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H Standard notation in statistics
Population parameter Sample estimate
Size N n
Mean M X
Variance o? s2
Standard deviation o S
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Histogram

Table 1: 6 Observations from a pediatrician

ID Age (years) Heighr “g{lgg)h t N;ﬁ?g;;)f Musicality
001 2 M i5.1 12.3 1 high
002 2 M o153 13.1 2 low
003 2 F 278 12.2 0 normal
004 2 F 925 13.6 1 low
005 2 M 2 e 11.8 3 Normal
006 2 M b2 12.7 0 Normal
C
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Q Histogram (children at their 2nd birthday)
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9 The normal distribution

Diagram showing the approximate normal curve describing
the distribution of heights of adult men

. —— o e

Percentage

u=171.56 cm

150 160 170 180 190
Height (cm)

source: Kirkwood, Essential Medical Statistics
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H The normal distribution

Many variables are distributed according to
the normal distribution e.g. height, weight,
blood pressure, temperature, ...

Normal Distribution = Gaussian Distribution

- symmetrical around the mean
- mean = median

- bell-shaped

- location given by the mean ¥
- shape given by its variance s?
- Notation: X ~ NIX, s2)
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Table 1: 6 Observations from a pediatrician

(Arithmetic) mean

Weight Number of

ID Age (years) Sex Height (ke) siblings Musicality
001 2 M 85.1 12.3 1 high
002 2 M 91.5 13.1 2 low
003 2 F 87.8 12.2 0 normal
004 2 F 92.3 13.6 1 low
005 2 M 86.5 11.8 3 normal
006 2 5] 58.2 [-27 0 normal
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Variance o
= calculating the mean of squared distances
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b Definitions

. 1 _
 Sample variance: 52 = e (g —2)°

Mathematically better: division by (n-1) instead of n

 Standard deviation: s = Vs?
Note: s? and s are estimates [ur 1l1& unknown population parameters 6% and ¢

e Standard error of a mean:

_ % . 1 1) =2
s.e.—;,_—_L—\/n_l l-=1lrI,~_—3C}
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H mean, variance and standard deviation

Table 1: 6 Observations from a pecizfricisn

ID Height (x;-%) (x,-x
001  85.1
002 915
003  87.8
004 923
005 865
006 k&2

x=531.4/6 =88.6

s> :ii(xi—a_c)2

n i=1




e We can shift and shrink the normal distribution

Mean (u) =0
Standard deviation (o) = 1

H Standard normal distribution/z-transformation

If a normally distributed variable X has mean X and standard
deviation s, i.e. X ~ N(X, s?) we can transform it into Z ~ N(0,1)

> x- X has a mean of 0. This holds for %{ as well.

> EEE has a standard deviation of 1.

The distribution Z ~ N(0,1) is the Standard normal distribution

e

X~ N(171.5; 42.25) Which variable Z is
standard normal distributed?

Z~ N(0; 1)
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Z- scores

e Area under standard normal distribution = 1

e Area less than z = probability for this value or lower

i.e., the table gives the cumulative probability up to the

standardised normal value z

e 7/-score tables are easily available:

https://www.boundless.com/image/z-score-table--2/
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Z Score Table

Tas tabls gives the cumclative probability
m 1o the standardized nommal value z
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H 0,00 001 0.0 0.03 0.4

0.0 0.5000 05040 Cos0BC 05030 005159
0.1 0,529 05938 G54 05517 05557
0.2 05791 DA LLAEM 0.B910 0,504
0.3 0.6179  0.6217 (.6238 0.6293 .62
0.4 0.6534 D.BEA1 (L6626 O.6R4  0.6700

0.7 0,091 0.6350 Q.6238 OOT0I 0LTOM
0.5 0,925 0.7 673 0717 0.7IE
0.7 09580 07811 0.TéE2 07673 0.7
0.3 09881 07910 G.793G 07967 0.7005
0.9 D.E159 0.Bl86 C.B2L2 D.BE3E 0BG

1.0 G.8413 0.8438 (4451 0.B485  0.350%
1.l 0.8643 0.8060 0.8636 0.8708  0.472%
1.2 0.58)9 0.8360 (.4330 0.8007 0.2825
1.3 0.5032 .94 0.%0a6  D.S0E2  (.909%
.4 06192 0.927 0.9222 00923 0.01

0.9554 0.9564 0.9573 0.9582 0.9590
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0.927
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. &054
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0. 34k
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06103
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b z-core: an example £ L%
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Find the proportion for men being taller than 185 cm?

o I/ Pl ez ]
b Area between 2 values: /’f{%ﬁl

What is the proportion of men with height between 165 and 175 cm?




9 Brief outlook: confidence interval

What is the limit z such that the area between -z and z is 95%?
= What is the limit z such that the area above z is 2.5%
z2=1.96
1.96 is called the two sided 5% percentage point of the SND

i.e. on each side (positive axis and negative axis, we have 2.5%)

ze,j/ /\iﬁa

-1.95 & 186

More generally: a and z
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w
So far...

...we talked about 1 sample and the characteristics of a distribution.

...now we’‘ll talk about standard deviation and standard error,

in other words, more samples, not only 1.
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b Sampling variation and standard error

What is a good estimation of the mean?

* If we take the mean of a sample, we will get different means for
different samples.

* How can we describe the variation of the mean of the sample?

Standard error (of the sample mean)
* The variation of the mean of the sample depends:
— on the sample size (the larger the better!)
— on the variation of the original values (measured by ¢ or s)

s
It is calculated by: s.e. =—=
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9 Sampling variation and standard error

a) Distribution of diastolic blood pressure for a population of

250 airline pilots

Eﬂr w = 78.2 mmHg
24— = ¢ = 9.4 mmH
B 9\

> 20— r—
c 161 B T Theoretical parameters
3 ] of the distribution
o112 -
2
L. ﬂ— B

4__

oLl 5 8
50 &0 70 30 90 100

Diastolic blood pressure (mmHg)
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b Sampling variation and standard error

Sampling distribution for 30 sample means

b) sample size =10

-
=

Frequency

L, | N

k- Jffﬂﬂ[L b,

by

c) sample size =20 |

L= - - -
I

i
60 70 B0 a0
Diastolic blood pressure {mmHg)

Mean (of sample means) = 78.2 mmHg
s.d. (sample means) = 3.01 mmHg

s.e. (theoretical) = 9.4//10
=2.97 mmHg
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50 60 70 80 a0

Diastolic blood pressure {(mmHg}

Mean (of sample means) =78.1mmHg
s.d. (sample means) = 2.07 mmHg
s.e. (theoretical) = 9.4/ \/%

= 2.1 mmHg
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w Standard deviation and standard error

 The standard deviation measures the amount of
variability in the population

* The standard error measures the amount of variability in
the sample mean; it indicates how closely the population
mean is likely to be estimated by the sample mean.
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b Confidence interval (Cl)

* Mean of the sample, X, is an estimate for the "true mean”, p, of
the population

¢ How reliable is this value x ?
* How much confidence do we have in a single value?

* Mean is a “point — estimator”
* Confidence interval is an “interval — estimator”

There is a 95% probability that the interval between:
(x -1.96 *s.e.)and (x + 1.96 *s.e.)
contains the population mean (which remains unknown).
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b Confidence interval (Cl)

95%-Cl: [37—1.96*i x+1.96*i}

n’ n

* Determine an interval in which the population parameter lies
with probability 1-a, e.g. 1-a=95%

* The higher 1-q, the larger the Cl:

* If you want more confidence (99%) the interval gets broader
(replace 1.96 by 2.58)

* If you need less confidence (90%) it gets narrower (replace 1.96
by 1.64)
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v Confidence interval (Cl)

* Use the confidence interval to make inferences about the
population from which the sample is drawn

—— Fopulation « _
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Confidence [nterval

Ty

Sample  — e

* Cl depends on the actual sample




b Confidence interval for a mean

Example: Indoor residual spraying, i.e. spraying the inside of
dwellings with an insecticide to kill mosquitos that spread malaria.
How much insecticide is needed for 10,000 houses?

* Asample of 100 houses was chosen.

* Mean sprayable surface of 100 houses 24.2 m?, with a standard
deviation of 5.9 m2.

{24.2—1.96*i, 24.2+1.96*i} =[23.04, 25.36]

+/100 ~/100

*  Which means: with probability of 95% the true (but unknown)
population mean lies between 23.04 and 25.36.

T [2304<p<2536] @@ & e 8w

Variability of confidence intervals
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w Confidence interval for a small sample

* For large sample size [)?—1.96”‘i T+1.96%

Jn’ Vn |

_ o _ o |
as an approximation for {x -196*—, x+1.96*—

Jn’ Vn |

* When the sample size is small, s may not be a reliable estimate of
o

—> use t-distribution |:f—t*i f+t*i}

Jn’ Jn
e “Student’s t-distribution”:
5% point of the t distribution with (n-1) degrees of freedom
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e Interpretation

Strictly speaking, what is the best interpretation of a 95% confidence
interval for the mean?

a) If repeated samples were taken and the 95% confidence interval
was computed for each sample, 95% of the intervals would
contain the population mean.

b) A 95% confidence interval has a 0.95 probability of containing the
population mean.

c) 95% of the population distribution is contained in the confidence
interval.




